Abstract. For the field Kn,m = Q( 2 n √ p, µ 2 m+1 ) where p is a prime number, we determine the structure of the 2-class group of Kn,m for all (n, m) ∈ Z 2 ≥0 in the case p = 2 or p ≡ 3, 5 mod 8, and for (n, m) = (n, 0), (n, 1) or (1, m) in the case p ≡ 7 mod 16, generalizing the results of Parry [Par80] about the 2-divisibility of the class number of K 2,0 . The main tools we use are class field theory, Chevalley's ambiguous class number formula and its generalization by Gras.
Introduction
In this paper we let p be a prime number. For n and m non-negative integers, let K n,m = Q( 2 n √ p, µ 2 m+1 ). Let A n,m and h n,m be the 2-part of the class group and the class number of K n,m . It is well-known that h 1,0 is odd by the genus theory of Gauss. In 1886, Weber [Web86] proved that h 0,m is odd for any m ≥ 0. In 1980, by a more careful application of genus theory for quartic fields, Parry [Par80] showed that A 2,0 is cyclic and For p ≡ 9 mod 16, Lemmermeyer showed that 2 h 2,0 , see [Mon10] . For p ≡ 15 mod 16, one can show that 4 | h 2,0 using genus theory (unpublished manuscripts by the authors and Lemmermeyer respectively). The main result of this paper is Theorem 1.1. Let p be a prime number, K n,m = Q( 2 n √ p, µ 2 m+1 ). Let A n,m be the 2-part of the class group and h n,m the class number of K n,m .
(1) If p = 2 or p ≡ 3 mod 8, then h n,m is odd for n, m ≥ 0.
(2) If p ≡ 5 mod 8, then h n,0 and h 1,m are odd for n, m ≥ 0 and 2 h n,m for n ≥ 2 and m ≥ 1.
(3) If p ≡ 7 mod 16, then A n,0 ∼ = Z/2Z, A n,1 ∼ = Z/2Z × Z/2Z for n ≥ 2, and A 1,m ∼ = Z/2 m−1 Z for m ≥ 1.
Let p ≡ 3 mod 8 and ǫ = a+b √ p be the fundamental unit of Q( √ p). Parry [Par80] and Zhang-Yue [ZY14] showed that a ≡ −1 mod p and v 2 (a) = 1. From our main theorem, we obtain the following analogous of their results.
Preliminary

Notations and Conventions.
For a number field K, we denote by Cl K , h K , O k , E K and cl the class group, the class number, the ring of integers, the unit group of the ring of integers and the ideal class map of K respectively. When K = K n,m = Q( 2 n √ p, µ 2 m+1 ), we write Cl n,m = Cl K , h n,m = h K , O n,m = O K and E n,m = E K for simplicity. For w a place of K, K w is the completion of K by w. For p a prime of K, v p is the additive valuation associated to p.
For an extension K/F of number fields, v a place of F and w a place of K above v, let e w/v = e(w/v, K/F ) be the ramification index in K/F if v is finite and e w/v = [K w : F v ] if v is infinite. w/v is ramified if e w/v > 1. w/v is totally ramified if e w/v = [K : F ], in this case w is the only place above v and we can also say that v is totally ramified in K/F . Note that for v infinite, w/v is ramified if and only if w is complex and v is real, and in this case e w/v = 2. Hence an infinite place v is totally ramified if and only if K/F is quadratic, F v = R and K w = C. When K/F is Galois, then e w/v is independent of w and we denote it by e v .
Denote by N K/F the norm map from K to F , and the induced norm map from Cl K to Cl F . If the extension is clear, we use N instead of N K/F .
The number ℓ is always a prime. The ℓ-Sylow subgroup of a finite abelian group M is denoted by M (ℓ).
2.2. Hilbert symbol. Let n ≥ 2 be an integer. Let k be a finite extension of Q p containing µ n . Let φ k be the local reciprocity map φ k : k × −→ Gal(k ab /k). Given a, b ∈ k × , the n-th Hilbert symbol is defined by
The following results about Hilbert symbol can be found in standard textbooks in number theory, for example [Neu13, Chapters IV and V].
The following is the product formula of Hilbert symbols, see [Neu13, Chapter VI, Theorem 8.1].
Proposition 2.2. Let K be a number field such that µ n ⊂ K. For any place v of
where v runs over all places of K.
Results on class groups in cyclic extensions
We first recall Gras' work on genus theory.
Theorem 3.1 (Gras) . Let K/F be a cyclic extension of number fields with Galois
where the product runs over all places of F .
Proof. See [Gra17, Section 3] or [Gra73, Chapter IV]. Gras proved the theorem for (narrow) ray class groups, but his proof works for class groups.
is independent of the choice of D. (2) Take C = {1} and D = {1}, then Λ D = E F , and Gras' formula is nothing but the ambiguous class number formula of Chevalley:
.
In fact the proof of Gras' 
where v passes through all places of 
The other direction is clear. This proved (1).
(2) We have just proved that if v is unramified, then
Therefore (2) follows from the product formula for Hilbert symbols.
(3) is a consequence of (1).
We now give a stable result about ℓ-class groups in a finite cyclic ℓ-extension. We first introduce the ramification hypothesis RamHyp. Let F be a number field and K an algebraic extension (possibly infinite) of F . Then K/F satisfies the ramification hypothesis RamHyp if Every place of K ramified in K/F is totally ramified in K/F and there is at least one prime ramified in K/F . 
. By class field theory, G acts on X := X 2 via x σ = σx σ −1 where σ ∈ G := Gal(L 2 /K 0 ) is any lifting of σ, by this action X becomes a module over the local ring
We have the following claim:
Now for any n ≥ 1, by the claim,
By the assumptions, M + ℓ n X = ωM + ℓ n X. Since ω lies in the maximal ideal of
n X by Nakayama's Lemma. Hence we have isomorphisms which are induced by the restrictions
By class field theory we have isomorphisms which are induced by the norm maps
Let us prove the claim. We know G = G/X. Let {p 1 , · · · , p s } be the set of places of K 0 ramified in K 2 /K 0 . Note that p i can not be an infinite place by RamHyp.
On the other hand, it is easy to check that
Since a i ∈ X and
Thus the map X ֒→ G induces the following isomorphism
This finishes the proof of the claim.
Remark 3.6. (1) Let K ∞ /K be a Z ℓ -extension and K n its n-th layer. It is well known there exists n 0 such that
In fact, our proof is essentially the same as the proof of the corresponding results for Z ℓ -extensions, see [Was97, Lemma 13.14, 13.15] and [Fuk94] .
(2) Let K be a number field containing
The following ramification lemma is useful.
Proof. Let I p be the inertia group of p. Then K Ip n = K i for some i and K Ip n /K is unramified at p. Since K 1 /K 0 is ramified at p, we must have K Ip n = K 0 . In other words, p is totally ramified.
For our convenience, we need the following well-known consequence of class field theory, see [Was97, Theorem 10 .1].
Proposition 3.8. Suppose the number field extension M/K contains no unramified abelian sub-extension other than K. Then the norm map Cl
We now study the 2-class group of K n,m = Q( 2 n √ p, µ 2 m+1 ). The following Proposition is a consequence of Proposition 3.5.
Proposition 4.1. Assume 2 is totally ramified in K n0+1,m0+1 /K n0,m0 for some integers n 0 ≥ v p (2) and m 0 ≥ 1 + v p (2). Then
We have the following diagram:
For (1), let q be a prime of K n0,m0 above 2. Apply Lemma 3.7 to the two horizontal lines in the diagram, we obtain q is totally ramified in K n0+2,m0+1 /K n0,m0 . Apply Lemma 3.7 to the right most vertical line in the diagram, we get q is totally ramified in K n0+2,m0+2 /K n0+2,m0 . Hence q is totally ramified in K n0+2,m0+2 /K n0,m0 . Repeatedly using the above argument, we obtain q is totally ramified in K n,m /K n0,m0 for all n ≥ n 0 and m ≥ m 0 . For (2), if p = 2, let p be a prime of K 0,m above p. For any n ≥ 1, note that
is unramified outside 2 and p, the two horizontal lines and the right most vertical line in the diagram all satisfy RamHyp by (1). Note that |A n0,m0 | = |A n0+1,m0+1 | implies that A n0+1,m0+1 ∼ = A n0+1,m0 ∼ = A n0,m0+1 ∼ = A n0,m0 by Proposition 3.8. Apply Proposition 3.5 to the two horizontal lines in the diagram, we get A n0+2,m0+1 ∼ = A n0+2,m0 ∼ = A n0,m0 . Apply Proposition 3.5 to the vertical line, we get A n0+2,m0+2 ∼ = A n0,m0 . Then we have A n,m ∼ = A n0,m0 for n ≥ n 0 , m ≥ m 0 by inductively using the above argument.
For (3), 2 ∤ h n0+1,m0+1 implies that 2 ∤ h n0,m0 by Proposition 3.8. Then the result follows from (2).
4.1. The cases p = 2 and p ≡ 3, 5 mod 8.
Proof of Theorem 1.1 for p = 2. The prime 2 is totally ramified in K 2,3 = Q( 4 √ 2, µ 16 ) and h 2,3 = 1. Therefore 2 is totally ramified in K ∞,∞ and 2 ∤ h n,m for n ≥ 1, m ≥ 2 by Proposition 4.1. The remaining (n, m) follows from Proposition 3.8.
Lemma 4.2. Suppose p ≡ 3 mod 8.
(1) The unique prime above
where v runs over the places of K 0,2 and e v is the ramification
We only need to show K 2,2 /K 1,1 is totally ramified at 2 by Proposition 4.1. It is easy to show that K 1,2 /K 1,1 is ramified at 2. To see 2 is also ramified in K 2,2 /K 1,2 , we consider the local fields extension
Since the fields Q 2 (
We have
We first compute ρ(i). Since the residue field of
By the product formula ζ 8 , p q 4 = −1.
Now we compute ρ(1 + √ 2). In the local field Q p (ζ 8 ),
Since
By the product formula, 1 + √ 2, p q 4 = 1. Therefore, ρ(ζ 8 ) = (±i, ±i, −1) and ρ(1 + √ 2) = (±i, ∓i, 1). In each case, we have |ρ(E 0,2 )| = 8.
Proof of Theorem 1.1 for p ≡ 3 mod 8. We know the class number of K 0,2 = Q(ζ 8 ) is 1, the product of the ramification indices is 32 and the index [E 0,2 : E 0,2 ∩ NK × 2,2 ] = 8 by Lemma 4.2, then |Cl G 2,2 | = 1 by Chevalley's formula (3.2). Thus 2 ∤ h 2,2 by Lemma 3.4. Now Proposition 4.1 implies 2 ∤ h n,m for n, m ≥ 1. Since K n,1 /K n,0 is ramified at infinity, we have 2 ∤ h n,0 by Proposition 3.8. Proof.
. Then the proof is the same as the case p ≡ 3 mod 8.
(2) We only need to consider the primes above 2 and p. Since e(p, K 3,0 /Q) = 8 and pO 0,2 = p 1 p 2 , we have e(p 1 , K 3,2 /K 0,2 ) = e(p 2 , K 3,2 /K 0,2 ) = 8. From (1), we can easily obtain that e(q 0,2 , K 3,2 /K 0,2 ) = 4 for q 0,2 the only prime above 2 in K 0,2 . Hence the product of ramification indexes is 2 8 . The proof of (3) and (4) is easy, we leave it to the readers.
Proof. Denote by q n,m the unique prime ideal of K n,m above 2 for each n, m ≥ 0. Note that E 0,2 = ζ 8 , 1 + √ 2 . Then Λ 0,2 = Λ q3,2 respect to the extension K 3,2 /K 0,2 and Λ 0,1 = Λ q2,1 respect to the extension K 2,1 /K 0,1 as in Lemma 3.3.
Since p ≡ 5 mod 8, we have pO 0,1 = p 1 p 2 and pO 0,2 = P 1 P 2 . Note that P 1 , P 2 , q 0,2 are exactly the ramified places in K 3,2 /K 0,2 . For (1), we study the map ρ := ρ q3,2 ,K3,2/K0,2 : Λ 0,2 −→ µ 8 × µ 8 × µ 8
) the corresponding embeddings for P j for j = 1, 2. We choose ι j so that ι 1 (ζ 8 ) = ζ 8 (and hence ι(i) = i, ι(
We first compute ρ(ζ 8 ). In the local field Q p (ζ 8 ),
, ±i) by the product formula. Now we compute ρ(1 + √ 2). In Q p (ζ 8 ),
where the second equality is due to the norm-compatible property of Hilbert symbols and the fact i ∈ Q p for p ≡ 5 mod 8, the last equality is due to the fact −1 is a square but not a fourth power in Z/pZ for p ≡ 5 mod 8. Therefore
Hence ρ(1 + √ 2) = (±i, ∓i, 1) by the product formula. In each case, we always have |ρ(E 0,2 )| = | ρ(ζ 8 ), ρ(1 + √ 2) | = 16. Finally we compute ρ ((1 − ζ 8 ) 2 ). In Q p (ζ 8 ),
In each case, we always have
For (2), we study the map
We always have i, p
Let τ 1 , τ 2 be the embeddings corresponding to p 1 , p 2 respectively. We assume that τ 1 (i) = i and τ 2 (i) = −i. Then
Hence ρ 4 (i) = (±i, ±i, −1) by the product formula. So [E 0,1 :
Now we compute ρ 4 ((1 + i) 2 ). Since
2 ), ρ 4 (i) | = 8. This proved (2). (3) follows from the values of the following quadratic Hilbert symbols:
Proof of Theorem 1.1 for p ≡ 5 mod 8. We first prove that 2 || h 3,2 , 2 || h 2,1 and 2 ∤ h 1,2 . Applying Gras' formula (3.1) to the case
where q n,m is the unique prime ideal of K n,m above 2, then Λ D = Λ 0,2 as in Lemma 4.4. By the above computation and Lemma 3.4, A 3,2 = cl(q 3,2 ) (2). Note that C is invariant under the action of G := Gal(K 3,2 /K 0,2 ). We have A 3,2 = A G 3,2 . Chevalley's formula (3.2) and the above computation imply that |A 3,2 | = |A G 3,2 | = 2. Similarly, applying Gras' formula to the case
shows that A 2,1 = cl(q 2,1 ) (2). In particular, A 2,1 is invariant under the action of Gal(K 2,1 /K 0,1 ). Applying Chevalley's formula to K 2,1 /K 0,1 , we obtain |A 2,1 | = 2.
Applying Chevalley's formula to the extension K 1,2 /K 0,2 and then using Lemma 3.4, we have 2 ∤ h 1,2 . Hence 2 ∤ h 1,1 by Proposition 3.8.
We have 2 || h n,m for n ≥ 2, m ≥ 1 by Proposition 4.1 and 2 ∤ h 1,m for n = 1, m ≥ 1 by Proposition 3.5.
It remains to prove that 2 ∤ h n,0 . The proof consists of three steps:
Step 1: Let ǫ be the fundamental unit of Q( √ p). We show that ǫ,
Step 2: We show that [E n,0 : E n,0 ∩ NK × n+1,0 ] = 4 for each n ≥ 1. Consider the map as in Lemma 3.3,
where ∞ n is the real place of K n,0 such that
=1 . In particular, |ρ(E n,0 )| ≤ 4. Since −1, ǫ ∈ E n,0 . It is enough to prove that | ρ(−1), ρ(ǫ) | = 4. By Step 1,
Therefore, ρ(ǫ) = (±1, −1, ∓1). Since ρ(−1) = (−1, 1, −1), we have | ρ(−1), ρ(ǫ) | = 4 and hence |ρ(E n,0 )| = 4.
Step 3: We prove 2 ∤ h n,0 for any n ≥ 1.
We prove it by induction on n. The case n = 1 is well-known. Assume that 2 ∤ h n,0 . The product of ramification indices of K n+1,0 /K n,0 is 8. Using the result in Step 2, Chevalley's formula (3.2) for the extension K n+1,0 /K n,0 and Lemma 3.4 then imply 2 ∤ h n+1,0 .
4.2.
The case p ≡ 7 mod 16. The main purpose of this subsection is to prove Theorem 1.1(3). We first give a brief description of the proof.
• Apply Gras' formula (3.1) inductively to the extension K n,0 /K n−1,0 to show that A n,0 is generated by the unique prime above 2. Then apply (3.1) to K n,1 /K n,0 to show that A n,1 equals the 2-primary party of classes of primes above 2 . Next apply Chevalley's formula (3.2) to the extensions K 3,1 /K 1,1 and K 2,1 /K 1,1 to deduce A 2,1 ∼ = A 3,1 ∼ = Z/2Z×Z/2Z. Proposition 3.5 then implies A n,1 ∼ = Z/2Z × Z/2Z for n ≥ 2. Finally from this one can get A n,0 ∼ = Z/2Z for n ≥ 2. For each n ≥ 1, K n,0 has two real places. Let ∞ n be the real place such that
The prime p is totally ramified as pO n,0 = p
Since (x + 1) 2 n − p is a 2-Eisenstein polynomial, 2 is totally ramified as 2O n,0 = q 2 n n,0 in K n,0 . Since 2 splits in Q( √ −p)/Q, q n,0 splits as q n,0 O n,1 = q n,1 q ′ n,1 in K n,1 /K n,0 for each n ≥ 1. The primes q 1,1 and q ′ 1,1 are totally ramified in
The prime 2 is also totally ramified as 2O 0,m = q Note that π 1+i is a unit and [
The fourth equality is due to the quadratic reciprocity law. We have π,
= −1 by the product formula.
(2) Since the infinite place ∞ 1 ramified, −1 is not a norm of K 2,0 . For the fundamental unit π 2 2 , we have
By the product formula,
2 is a norm of K 2,0 by Hasse's norm theorem. This proved (2). (3) We need to study the map
,1 ] = |ρ(E 1,1 )|. We first compute ρ(i). Since p ≡ 7 mod 16 and the residue field of p 1,1 is F p 2 , we have i,
Note that the localization of
Apply the product formula to the quartic Hilbert symbols on Q(i), we have
= −1 and we have ρ(i) = (1, −1, −1).
Next we compute ρ( π 1+i ). By(1), we have π
To compute
, we first compute its square:
Note that √ −p ≡ ±3 mod 8, we have the following equality of quadratic Hilbert symbols:
By the product formula we must have ρ( 
Proposition 4.7. We have (1) A n,0 = cl(q n,0 ) for n ≥ 1 and A 2,0 ∼ = Z/2Z; (2) A n,1 = cl(q n,1 ), cl(q ′ n,1 ) (2) for n ≥ 2.
Proof.
(1) We prove this by induction. The case n = 1 is well-known. Suppose the result holds for n. We apply Gras' formula (3.1) to
Note that N(C) = cl(q n,0 ) = A n,0 by the assumption. The product of ramification indices is 8. Consider the map
By the norm-compatibility of Hilbert symbols,
Then ρ(−1) = (−1, −1, 1). Since π is totally positive,
By the norm-compatibility of Hilbert symbols and the above Lemma, (2) We apply Gras' formula to Proof. The extension K ∞,1 /K 1,1 satisfies RamHyp and Gal(K n+2,1 /K n,1 ) is cyclic of order 4 for each n ≥ 1. By Proposition 3.5, to show that A n,1 ∼ = Z/2Z × Z/2Z it suffices to show A 2,1 ∼ = A 3,1 ∼ = Z/2Z × Z/2Z.
Let G 2,1 = Gal(K 2,1 /K 1,1 ). By Proposition 4.7, A 2,1 = cl(q 2,1 ), cl(q 3,1 where G 3,1 = Gal(K 3,1 /K 1,1 ). The product of ramification indices of K 3,1 /K 1,1 is 64. By Lemma 4.6 and Chevalley's formula for K 3,1 /K 1,1 , we get |A 3,1 | = |A G3,1 3,1 | = 4. Since the norm map from A 3,1 to A 2,1 is surjective by Proposition 3.8, we must have A 3,1 ∼ = Z/2Z × Z/2Z. Now we compute A n,0 . Since K n,1 /K n,0 is ramified at infinity places, the norm map from A n,1 to A n,0 is surjective by Proposition 3.8. In particular, A n,0 is a quotient of Z/2Z × Z/2Z. We know that A n,0 is cyclic by Proposition 4.7. Since the norm map from A n,0 to A 2,0 ∼ = Z/2Z is surjective, we must have A n,0 ∼ = Z/2Z for n ≥ 2.
To compute the 2-class group of K 1,m for m ≥ 1, we first note that K 1,m is the m-th layer of the cyclotomic Z 2 -extension of K 1,1 .
Proposition 4.9. We have A 1,m = cl(q 1,m ) (2) for m ≥ 1.
Proof. We first reduce the result to the case m = 2. Suppose A 1,2 = cl(q 1,2 ) (2). Note that K 1,∞ /K 1,1 is totally ramified at q 1,1 and q ′ 1,1 , and unramified outside q 1,1 and q ′ 1,1 . Applying Gras' formula (3.1) to
,2 ] = 2. Next we apply Gras' formula to
Note that N(C)(2) = A 1,2 . To prove A 1,3 = C 2 , we need to prove that [Λ D2 : Λ D2 ∩ NK × 1,3 ] = 2 by Lemma 3.4. Note that K 1,2 = K 1,1 ( √ −i) and K 1,3 = K 1,2 ( √ ζ 8 ). We need to study the following two maps: Note that C is a Gal(K 1,2 /K 0,2 )-submodule of A 1,2 , since for σ ∈ Gal(K 1,2 /K 0,2 ), σ(q 1,2 )q 1,2 = q 0,2 O 1,2 = (1 − for some m, we must have |A 1,k | = |A 1,k+1 | for some k. Then |A 1,n | = |A 1,k | for any n ≥ k by Proposition 3.5. But Kida's formula [Kid79] shows that the λ-invariant of the cyclotomic Z 2 -extension of Q( √ −p) is 1. In particular, the 2-class numbers of Q( √ −p, ζ 2 m+1 + ζ 
